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Two particular partial differential equations of the form Q(a/&, a/S, 
a/at)[w] = M(a/Lk, ajay, a/at)[&(x) S(y) 8(t)] where Q is hyperbolic and 
homogeneous of degree 4 with nonzero propagation speeds and M is homo- 
geneous of degree 2, are investigated with a view toward establishing necessary 
conditions for the existence of wavefront lids. In general, it is shown that these 
conditions depend on the nonvanishing of a certain linear combination of the 
constants which multiply the various partial derivatives of the M operator. An 
application to a problem in anisotropic elasticity is given. 
1. INTRODUCTION 
In certain equations of mathematical physics, e.g., anistropic elastic waves, 
crystal optics, and magnetohydrodynamics, one encounters a partial dif- 
ferentla equation of the form 
Q (&, ;, &) [m] = M (; , $, &) [s(x) s(y) S(t)] U-1) 
where Q is hyperbolic and homogeneous of degree n, while M is homogeneous 
of degree (n - 2). Such an equation normally results from the uncoupling 
of a lower-order system of equations in which a forcing term is specified in 
the form of a point impulse applied at the origin. Thus, w may be thought of 
as forming one element of the Green’s function matrix associated with the 
corresponding system of equations. 
Following John [l], the partial differential operator Q(a/Lk, ajay, a/at) 
where Q(0, 0, 1) # 0, is said to be strictly hyperbolic if all the o-roots of the 
nth degree algebraic equation 
Q(cos 8, sin 0, -21) = 0, 0<0<277 
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are real and distinct. I f  the v-roots of Eq. (1.2) are only required to be real, 
but not necessarily distinct, the Q operator is said to be hyperbolic. For such a 
hyperbolic operator the associated normal curve 
Q(p, 97 - 1) = 0, (1.3) 
will have multiple points corresponding to those O-values where two (or more) 
v-roots of Eq. (1.2) coincide. 
The general theory for the construction of the wavefront associated with 
Eq. (1.1) can be found in Courant and Hilbert [2]. In the first instance, the 
shape of this wavefront (as opposed to the detailed structure of ZL’ behind the 
expanding front) arising from a concentrated point disturbance is independent 
of the operator III which appears on the right-hand side of Eq. (1.1). In 
particular, if the normal curve has double points on its inner (convex) branch 
then lids must be adjoined to the outer branch of the corresponding wavefront 
in order to form its convex hull [2]. These lids are straight lines in the z-y 
plane (at a particular time) which form bitangents to the (otherwise concave) 
outer branch of the wavefront. The need for such lids is clear from the 
wavefront construction method of Huyghens [2], since a corner (i.e., a double 
point) on the normal curve in the p-4 plane maps into such a lid on the 
wavefront. 
This general theory notwithstanding, it was noticed by Weitzner [3] when 
constructing the Green’s function matrix for the linearized Alfven equations 
of magnetohydrodynamics, that such lids were in fact not required. The 
existence or nonexistence of wavefront lids, in a situation where Huyghens’ 
construction calls for their existence, is intimately connected with the form 
of the differential operator Al appearing on the right-hand side of Eq. (1.1). 
In the present paper, two particular equations 
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will be investigated in some detail with a view toward establishing a necessary 
condition for the existence of wavefront lids. The operator Q is not without 
physical interest since it appears in the theory of anisotropic elastic waves. 
In situations where the differential equations (1.4) and (1.5) are derivable 
from a (lower-order) symmetric hyperbolic system of equations, the ki 
coefficients of the M operators given in Eq. (1.7) and (1.8) are not entirely 
independent. Based on the example of Section 5, the restrictions placed on 
the constants kj are such that the necessary condition for wavefront lid 
existence is not satisfied. This is in agreement with the results found earlier 
by Bazer and Yen [4]. 
In Section 2, restrictions on the parameters (Y, /3, and y are given which 
cause the normal curve associated with the Q operator of Eq. (1.6) to have 
double points. There are a total of eight such cases. In Section 3, the explicit 
solutions to Eqs. (1.4) and (1.5) is constructed for y = OL + /3. This nontrivial 
example points the way toward a necessary condition for the existence of lids, 
which is exploited in Section 4 on the remaining cases of Section 2. Finally, 
an application of the necessary condition is given in Section 5. 
2. DOUBLE POINTS OF THE NORMAL CURVE 
If the partial differential operator Q(a/&, a/ay, a/at) as defined by Eq. (1.6) 
is to be hyperbolic with nonzero propagation speeds, then the v2 roots of the 
quartic 
Q(cos 6, sin 8, -v) = 0, 0<0<2rr (2-l) 
must satisfy z+ > 0. This implies the following restrictions on 01, /3, and y [5] 
(i) 0 < 01 < 1, O<P<l, -2($?)‘/” < y < 1 + a/3, 
(ii) 0 < 01 < 1, B> 1, -2(43)“” < y < a + p, 
(iii) OL > 1, 0</3<1, -2(43)1’2 < y  < a +- p, (2.2) 
(iv) a> 1, B> 1, -2(43)1!2 < y < 1 + c+. 
The requirement of nonzero propagation speeds is more restrictive than 
the hyperbolicity condition (which would allow zero propagation speeds) and 
results in a slight decrease in the ranges of the parameters (Y, /3, and y. With 
zero propagation speeds (for some particular e-value) the outer branch of the 
normal curve will no longer be closed. Since the analysis of such a situation 
requires special treatment which is not germain to the problem at hand, only 
the parameter ranges of Eqs. (2.2) will be considered herein. 
If the normal curve 
N: Q(~,q,--1)=olp~+r~~q~+Bq~-(~+1)~~-(B+l)q~+~=0> 
(2.3) 
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is to have a double point (i.e., singular point on N in the sense that the normal 
vector vanishes at such a point) at p,, , q,, , then in addition to Eq. (2.3), p, and 
q. must satisfy 
Performing the indicated differentiation, Eqs. (2.4) yield 
p[2olp’ + yq” - (a + I)] = 0, (2.5) 
and 
q[yp” + 2pqp” - (j3 + I)] == 0. (2.6) 
Since Eqs. (2.3), (2.5), and (2.6) constitute a set of three algebraic equations 
for the two unknowns p, and q,, , there will be a constraint placed on the 
parameters 01,& and y  in addition to those of Eqs. (2.2). 
The location of the double points on N poses no difficulty; consequently, 
only the results will be quoted here. There are eight cases. 
(I) a>l, /3>1, ~/3>1, y=I+$. Nis composed of two 
ellipses: alp” + q2 = 1 and p* + #Jq2 = 1, which intersect at the four points 
(II) O<~y~1,0<~~1,0<~~<1,y-l +c@. -X’iscom- 
posed of two ellipses: ap2 + q? = 1 and p2 + /lq2 = 1, which intersect at the 
four points 
(III) 0 < (Y < 1, p > 1, y  =a ;p. N is composed of an ellipse: 
c# + /3q2 = 1 and a circle: p’ + q’ = 1, which intersect at the four points 
(I\-) u > 1, 0 < /3 S< 1, y  = a + p. N is composed of an ellipse: 
orp” T p$ = 1 and a circle: p2 + q’ = 1, which intersect at the four points 
(Y) ct=/3-y/2=1. ‘V is composed of two coinciding circles: 
p’ + q2 7: 1. All points of A’ are double points. 
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(VI) 01=/3=1, -2 < y < + 2. N is composed of two ellipses: 
t+sp’s + pz2q12 = 1 and ~s2p’2 + p12q’2 = 1 where 
p = (p’ - q’)/t ‘2, q = (p’ + q’>,‘\2 /L12 = ((2 - (2 - y)92 
and 
p** = (2 + (2 - y)‘9;2. 
The ellipses intersect at the four points. p’ = &l/d/z, q’ = &l/d/z (i.e., 
at p = &l, q = 0; p = 0, q = 51). 
(VII) 01 = l,p # 1,~ # 1 +/?. Nhastwodoublepointsatp = fl, 
q = 0. 
(VIII) LX#l,/3=1,y#l+% N has two double points at p = 0, 
q = fl. 
3. EXPLICIT EXPRESSIONS FOR w1 AND w2 UNDER CASE III 
The solution of Eq. (1.4) or Eq. (1.5) f or all eight cases in which the normal 
curve has double points is straightforward with the exception of cases VII and 
VIII. However, since only necessary conditions for the existence of lids are 
sought herein, the more complicated structure of the solutions under cases 
VII and VIII will not be required. This will become clear from the analysis 
of one of the easier cases, e.g., case III, which is typical of the rest. 
Under case III, the Q operator factors into two second-order operators 
(this will happen in cases I-VI) so that Eq. (1.4) becomes 
( . ag+pP-g aY2 
= .k, 6 + 12, $ - k, $) 
(3.1) 
( . Fw 6(Y) WI, 
with -co < X, y < + co, t > 0 and zero initial conditions on wi . Applica- 
tion of a double Fourier exponential transform in the space variables and a 
Laplace transform in t to Eq. (3.1) an using the Fourier inversion formula d 
gives 
=& -rn s +ic eic’s d(-, ym _ 
kJ,* + k&* + k3s2 
--oLi (afy + 8522 + 3) (Q + t2* + s2) eice= d52 ’
(3.2) 
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for the Laplace transform w~(x, y, s) = sy wi(r, y, t) eesf dt of w1 . Upon 
performing the &-integration indicated in Eq. (3.2) 
;< exp( - 1 y  1 /3-1’2(iuc12 + sz)l,y) 
(k, - k,) 51” + (R, - k,) sp 
+ (5,’ + s2)1’2{(fl - a) Cl” i (/3 - 1) s2j 
esp(- y  (5,’ + s2)lj2] 
‘i e ;<I+ 4 . (3.3) 
Since that portion of the integrand of Eq. (3.3) enclosed in square brackets 
is an even function of [i , the expression for n~i may be written 
a1 = -1, f  1, (3.4) 
where 
11 = Ite & o1 p/2( 5 f 
(G - k2”) 51” + (43 - k,) s’) 
a 12 f  sy {(/I - a) Cl2 f  (/3 - 1) s’)I 
x exp( - / y  / 8-l ‘2(a[,2 i se)lfr - i 1 s I 5,) dg, , 
(3.5) 
and 
I2 = Re &j’” 
(k, - 4) ii2 + @, - 4) s’) 
,, g-,2 + sy ((j3 - a) Cl’ + (p - I ) s’\. 
x exp( - / y  / (cl2 + s2)l:? I i I s 1 5,) dcl . 
(3.6) 
In Eq. (3.5), st o~l/~[i = 5s and in Eq. (3.6) set ii = 5s so that 
and 
N exp(s[i / s 1 ,-1/2< - ; y  1 p-i!*(<? -- l)l”]) d<, 
(3.7) 
Expressions for Ii and I, may now be obtained in closed form by using 
an integration technique due to Pekeris [6] and Cagniard [7]. It is not necess- 
ary to dwell on the details here since they have been given elsewhere [8]. For 
this reason only an outline of the inversion technique will be given here for 
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the integral Il. If the integrand of Eq. (3.7) is integrated around the closed 
contour in the complex [-plane as shown in Fig. 1, then 
1, = Re fK+Wl 
(t2 _ *y/z w - 9 (3.9) 
where 
1 w - k24 l2 + w - h2) a 
f(O = &443)1/2 - p - (y 
i ) -y- c”+(B-l) ’ 
R = (x2/a + y’,$?)‘,‘, 
5+(t) = 
it / x I a-lp + 1 y / /W2(t2 - R2)1/P 
R2 
and H is the Heaviside unit step function. 
BRANCH CUT 
-i 
FIG. 1. Complex b-plane showing the contour used in evaluating Il. The values 
of the square root expressions are valid on the Im <-axis. The curve r is drawn for 
I y 1 OL (p - 1)1/Z > I X I8(1 - LX)‘/*. 
The portion r of the integration contour is specified by 
g(c) z [i / x 1 apl/*( - 1 y 1 /3-1/2([z + I)‘/“] = -T = real, (3.10) 
where T replaces 1 as the integration variable along r. It is important to note 
(see Fig. 1) that when 1 y / a@ - l)lj2 > 1 x ) /?( 1 - o~)l/s the simple pole at 
5 = +i((@ - 1) a)/(/3 - CY))~‘~ lies above the integration contour, and hence, 
contributes nothing to the expression for Ii . 
After some simplification, Eq. (3.9), when 
yields 
I y l LY(B - 1)1’2 > I x I /3(1 - +s, 
4(x, Y, t) 
H(t - R) 
= 2,.@ - m) ($3)1/B (t2 _ R2)1/2 [ (‘lfi - ‘2’4 
a/% 
+ (B - 4’ 
(/3 - a) t2(yZ/,g - ~“/a) + R2{x2(/3 - 1) - y2( I - CL)} 
h I 
= h(? y, t), (3.11; 




f  _ (1 - (Yyy + (/3 - 1)1/2X 
(j? - iyp* I[ 
t + (I - q*y + (/3 - 1)l:‘” .T 
(p - #i2 1 ’ 
and 
(3.12) 
k = f-kl(p - 1) - k,(l -- a) + k&/3 - L-t)). 
The r-plane integration contour for 1, when 
IyIcQ-1)“2<jX2.j/ql -+2 
(3.13) 
is shown in Fig. 2. Since the simple pole now lies below the intercept of r 
with the Im t-axis, there is a residue contribution to the expression for II. 
Thus, 
1,s = h + Re ni Iresidue off([) (~2~‘?)I,, at the simple pole 
(3.14) 
FIG. 2. Complex <-plane showing the contour used in evaluating II _ The values 
of the square root expressions are valid on the Im I-axis. The curve r is drawn for 
1 y j OL (fi - l)‘:? =*- / x I p(1 - a)‘/‘. 
After the Laplace inversion, 
II@, Y, t) = h(.r, y, q + 
k _- 
4(j3 - .a) (@ - 1) (1 - ci))l~~ 
t _ I .x I (B -IPi + I y i (1 - =)l;* 
(3.15) 
>( 6 
(/3 - my* I 
which is valid for 1 y  ) CY@ - l)1!5 < [ x j p( 1 - a)1,2. 
409/5411-‘-C 
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The integral for I, as given by Eq, (3.8) now may be evaluated in precisely 
the same way as Ii . When this is done and use is made of Eq. (3.4), the closed- 
form solution to Eq. (3.1) for wr results 
Wl(Jc, YY 9 
1 
= 27Q - a) [ 
(k, - k,) H(t - r) _ (kJ3 - k,c+H(t - R) 
(t2 - r2)V (a/3)“2 (P - R‘y 1 
k 
+ 
2?@ - a)” 
[ 
(p - a) P(y2 - 9) + Y2(X’@ - 1) - y2(1 - LX)} H(t - T) 
h (t” - q1/2 
(,$)‘,2 (B - 4 t”(r”/F - x2/4 + R2(f@ - 1) - Y2(l - 4 
x 
H(t - R) 1 k (t2 - py/2 - 4(/I - cd) ((/!I - 1) (1 - oL))l’? 
[H( j x I /3( 1 - c+j2 - 1 y 1 c@ - l)‘/“) 
H(I x I (1 - ,P2 - I y I (B - 1Y2)1 
a t~l~I(B-1)“2+lYI(1--)1’2 
[ (p - cy2 1 (3.16) 
where t R = (x2/a + y”//3)“‘, r = (x2 +y2)‘i2 and X and k are defined by 
Eqs. (3.12) and (3.13). The wavefront for w, is shown in Fig. 3. It is composed 
of an ellipse C,: x2/~ + y”//3 = t2, a circle C,: x2 + y2 = t2, and four straight- 
line lids which are tangent to C, and C, (i.e., bitangents to the outer branch of 
the wavefront). These lids all carry a &function singularity whose strength 
must be multiplied by 3 at the eight points where they become tangent to C, 
or C, . This is all handled automatically provided the definition H(0) = -$ 
is used. Note also that wr(x, y, t) G 0 in the cuspoidal triangular regions 
(lacunas) behind the four lids. 
Since the lid part of the solution in Eq. (3.16) is multiplied by the constant 
k, the nonvanishiq of k is both a necessary and suficient condition for the exist- 
ence of lids on the wavefront for w1 when 0 < a! < 1 and j3 > 1.’ Thus, there 
is a certain linear combination of the constants k, , k, , and k, as given by 
Eq. (3.13) which, if set equal to zero, prevents the formation of lids. In this 
case the outer branch of the wavefront would be concave, whereas with the 
four lids present it is always convex. 
1 The situation for 01 = 1 is special since C, and C, only come into contact (touch) 
at x = ft, y = 0. The coefficient of the S-function is indeterminate as OL - 1 - 0, 
but has a distributional limit. In any event, the lids shrink down to points and are no 
longer lids in the customary sense. 
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FIG. 3. Wavefront for W, or W2 under Case III for a situation in which four 
lids exist. 
The constant K, which is crucial to the existence of lids, is proportional to 
the residue contribution to 1, (or 1.J from the simple pole in the upper half 
<-plane. Thus, to ascertain the existence of lids, one need not carry out all the 
integration details of I1 , since only the simple pole residue is required. These 
remarks, together with the above analysis, lead to the following necessary 
condition for the existence of lids on the wavefrant associated with Eq. (1.4) 
OY Eq. (1.5): 
After one Fourier inversion (either 5, or &) of the triply transformed 
expression for w1 , the integrand for a1 will be composed of two expressions 
with different exponential factors. If  either (or both) of these two terms has a 
pole in the upper half complex plane (including the real axis) associated with 
the second-Fourier inversion, then the nonvanishing of the residue contribu- 
tion from each such pole is a necessary condition for the existence of lids. 
The same criterion applies to w2 . 
This condition will be both a necessary and sufficient condition (NASC) 
for cases I-VI of Section 2, but (without further detailed work) it can only be 
stated as a necessary condition for cases VII and VIII (see Section 4 below). 
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For completeness, the expression for wa(x, y, t), which is a solution to 
Eq. (1.5) for the same domain, initial conditions, and parameter range as 
Eq. (3.1), will be recorded here 
xyh 
= 2a@ - a)” I 
@-l)((Wta-Xa)-(l -~)(@“-y2) 
x 
_ (/I - 1) (t2 - x”) - (1 - OL) (t2 - y”) H(t - Y) 
x (p - yZ)l/:! 1 
+ k4sgnxsgny 
403 - 4 
[H( 1 5 1 p( 1 - 01)1/2 - I y I c@ - 1)1/Z) 
- H( 1 s 1 (1 - (Y)1/2 - 1 y I (/3 - l)““)] 
x 6 
[ 
t _ I x I (B - 1 Y + I Y I (I - cw2 
(p - cp 1 . (3.17) 
Thus, under case III, k, # 0 is a NASC for the existence of lids on the w2 
wavefront. 
The analysis of case IV is very similar to that of case III. In fact, if OL and /?, 
x and y, k, and k, are interchanged in the expression for wr of Eq. (3.16) and 
in w2 of Eq. (3.17) then these expressions are appropriate to w1 and w2 under 
case IV. Hence, k # 0 is a NASC for the existence of lids on the wavefront 
of wr , while k, + 0 is a NASC for the existence of lids on the wavefront of w2 
under case IV. 
4. ANALYSIS OF THE REMAINING CASES OF SECTION 2 
Following the approach used in Section 3 to establish a necessary condition 
for the existence of lids, the remaining six cases of Section 2 will now be 
investigated. Under case I, y = 1 + c&l and the Q operator again factors. 
The Laplace transform of wr is given,by 
w1(x, Y, 4 
k&-l2 + k&-22 + k,s2 =- (2~)2 -T etrl” 
s 4, j- 
-T - 
(my + t22 + $2) (I&” + /312’ + 3) eir*Y d52 . 
(4.1) 
Upon replacing 85,’ by [a in the integrand of Eq. (4.1) and comparing this 
integral with that of Eq. (3.2), it is seen that p must be replaced by /z-r and 
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ka by K&l in the expression for k of Eq. (3.13). Thus, a NASC for the 
existence of lids on the wavefront associated with z~‘i under case I is that 
{k,( 1 - p) + k,(l - a) f  ks(@ - 1)) + 0. (4.2) 
The NASC for w, remain k, # 0. These results also apply to case II. 
Case 1’ is dismissed easily since both branches of the wavefront associated 
with u’i or wz coincide with the circle .x2 + J f’L = t2 so that no lid is possible, 
although the wavefront itself may be highly singular. 
The situation under case VI is a little different from the above cases. Here 
the Laplace transform of wi is given by 
:.’ e ii?Y d,$ . (4.3) 
Performing the in integration gives 
1 . rcc 
I 
eiils 
r(;, = - _~ 
2x . pr 2(2 - y)‘.‘2 ((2 + y) 5,’ + 49)’ 2 
‘\ [ 
-k,&” + k&i,” + s2) - k,? -42 _ y)l 2 ei~cmizT i ,,r,sisi 
5152’ 
e 
_ k,(2 _ # ‘2 eilSii?- i k,5,” - Ml2 + s2) + k,s” ii !, ;.,- 
5152- -- e - dL’, 7 I 
(4.4) 
where 2t2* = +(2 - y)iia cl + i((2 + y) t12 + 4s2)l ‘?. Here there are 
&-plane poles at 5, = 0 and cl = fis. The residue contributions from these 
poles imply 
k, # k, and k, :# k, , (4.5) 
as the NASC for the existence of lids associated with the wavefront of w1 
under case VI. The integral for 4 which is analogous to Eq. (4.4) shows that 
no such poles exist there so that no lid is possible for w1 under case VI. 
When the parameters iy, /3, and y  are restricted, as indicated by case VII 
of Section 2, then the resulting integrals for w1 are not so simple as in the 
above six cases. Basically, this is due to the fact that the Q operator can no 
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longer be factored into two (real) lower order operators. If  w,*(& ,y, s) 
denotes the Fourier-Laplace transform of wi(x, y, t) then 
-* 1 Wl =- 
I 




Next set zY2 = c2 and consider the contour integral 
&*(& , y, s) = & J-cjl(z) ei1@‘z-l/2 dz, 
where c is the contour in the complex z-plane consisting of the keyhole loop 
about the positive real axis plus a large circle (taken contour clockwise) at 
infinity. The z-plane is to be cut along the positive real axis and 
0 < arg .z < 2a on the contour. By residues 
where 
al* = 2&R, , (4.9 
4nR, = - k1512 + k,Z+ + k,S2 i II ~112 kl5l2 + k,Z- + KG2 e-i/yl zl_/z 
p-l/2([12 + 3) D e ’ ’ + + /3-1/2(<12 + s2) D 
(i. 10) 
and 
39~ = -4~51” + (B + 1) 4 f D(t , 4, 
with 
(4.11) 
D(r;, 9s) = [{r512 + B + 1) s212 - 4P(L2 + 9211’2 (4.12) 
It is not difficult to establish that, under the conditions imposed on the 
parameters ~1, p, and y  by case VII, D-‘(5, , s) cannot give rise to a simple 
pole in the [,-plane. Thus, the only possible pole of &* in the upper half 
[,-plane is at & = +is. Since both z+ satisfy the quadratic equation 
Bz” + b512 + (B + 1) s”> z + (5,’ + s2j2 = 0, (4.13) 
it is clear that when & = +is either z+ or z- must vanish while the other 
has the value --/P@ + 1 - y) 9 # 0. An elementary calculation now shows 
that the residue contribution to %i(x, y, s) from the pole at [i = +is is 
proportional to (k, - k,). Hence, a necessary condition for the existence of 







214 ROBERT G. PAYTON 
lids associated with the wavefront of wi under case VII is that k, # k, . 
A similar analysis shows that no lid is possible on the wavefront associated 
with wa under case VII. Repeating the above argument for case VIII gives 
the necessary condition k, # k, for wi lids while again the wa wavefront is 
not permitted to carry lids. 
It should be noted that the condition k, # k, for case VII (and k, # k, 
for case VIII) has only been shown to be a necessary condition in contrast to 
the conditions of cases I-IV, which were both necessary and sufficient. This 
is due to the fact that the Cagniard-Pekeris integration path for cases VII 
has a more complicated shape than in cases I-VI so that a more delicate 
analysis would be needed to show that in fact under suitable conditions the 
pole at [i = +is is included within the contour. This seems likely but has not 
been proved. Clearly k, # k, is a necessary condition for lid existence since 
otherwise no S-function type lid could propagate. 
The results of this and the preceding section are summarized in Table I. 
5. APPLICATION TO A PROBLEM IN ANISOTROPIC ELASTICITY 
When a perturbing body force is suddenly introduced into an elastic 
body which has previously been subjected to a (finite) pure homogeneous 
deformation, transient elastic waves will radiate outward from the source. 
The two-dimensional linearized theory of such anisotropic elastic waves has 
been studied by the author in [9], wherein it was shown that the following 
equations are encountered for the displacement components ~i(x, y, t), 
ua(x, y, t), and oa(x, y, t) due to various orientations of the applied impulsive 
body force 
QM = -Q&W S(Y) WI, (5.1) 
Qbzl = Q&W S(Y) WI, (5.2) 
and 
where 
Qbzl = -Q&W S(Y) WI, (5.3) 
Q ,&,?-?? 
11 
ax2 ay2 at2 ' 
Q12 = (1 + 4 - yP2 & , 
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By comparing the operators Qrr and Qaa with Mr of Eq. (I .7) and Q1a with 
Ma of Eq. (I 3) it is seen that for u1 , 
k, = -01, k, = -1, k, = -I. (5.7) 
for u2 , 
k, = (I + a/3 - y)““, (5.8) 
and for 7~~ , 
k, = -I, k2 = -/3, k, = -I. (5.9) 
The necessary condition of Section 4 for the existence of lids on the wave- 
fronts associated with ur , up , and oa will now be investigated for each of the 
eight cases of Section 2. 
(1) ~1: {k,( 1 - P> -t &(I - a) + k&-P - 1)) 
= {-CX(I - /3) - (I - CX) - (CL/3 - I)} = 0, 
u2: k,=(I +$-I -@)1/2=0, 
9-1~: {k,( I - B) + k2( I - a) + k&/3 - I)} 
z {-(I - /8) - /3(1 - a) - (I$ - I)] = 0. 
(II) Same result as case I. 
(III) ul: (--K,(B - 1) - k,(l - 4 + ka(lB - 4) 
= (cu(/? - I) + (I - a) - (B - Cx)] 
-(/3-I)(cx-I)#0 unless &=I, 
r+: k, = (1 f  CX/~ - OL - /3)‘~‘~ = ((I - CY) (I - /3))‘,‘” pure 
imaginary unless iy = I in which case k, = 0. 
~2: {--K,(B - 1) - k,(l - a) + W - 41 
= {(B - I -I P(l - a) - (P - a>} 
= (fi - 1) (1 - a) # 0 unless iy = I. 
(IV) ui: I--k,(B - 1) - Ml - 4 + UP - 41 
-{C@-I)+(I --a)-j!-a)]. 
= (j3 - 1) (a - I) ~;k 0 unless /3 = I, 
u2: k, = (I + a/3 - cx - ,3)li” = ((I - a) (1 - ,&?))“a 
= pure imaginary unless /3 = I, in which case k, -1 0, 
v2: l-k,@ - 1) - k,(I - a) + k&3 - a)) 
= i(B - 1) + B(1 - a) - (P - 4: 
= (/3 - I) (1 - CL) f  0 unless p = 1 
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(V) No lid possible. 
(VI) 11r: K,--a=-l+l=o, k,--a 
us: No lid possible, 
v,: K,--s=-l+l=o, &--ha 
(VII) ur: k,--a=-l+l=o, 
~a: No lid possible, 
v*: K, - k, = -1 -t 1 = 0. 
(VIII) z41: k,--a=-lfl=O, 
~a: No lid possible, 









In cases I, II, and V-VIII, the NASC for the existence of wavefront lids 
has not been satisfied. Hence, no lids exist for these cases. In case III, the 
wavefronts associated with ur and v, will carry lids if (y. # 1, but then the 
ua component of displacement does not correspond to a real physical problem. 
On the other hand, if 01 = 1, then ua = 0 and the ur and v, fronts are free of 
lids. Similar remarks apply to case IV. 
It is thus possible to conclude, based on the calculations of this section, that 
for a real physical situation, the partial differential equations (5.1)-(5.3) do 
not permit the existence of wavefront lids. 
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